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Motivation — Conditional distributions

Xt 5 Yt 1.2.d.
nx1

p(ye | x¢) =7

Example:

x1¢ Experience or age of individual ¢
xo+  Education of individual ¢

Yt Earnings or wage of individual ¢
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Secton 2.1

Motivation — Financial forecasting and decision making

Yt Return on asset in period ¢
ye | (Y1, Y—1) ~ 7
L1t  Yt—1

zor  f (lye—2l lwe-3l, |ye—al )
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Secton 2.1

Motivation — Out of sample model comparisons

Model Log Predictive likelihood | Log Recursive ML
SMR -1602.0
Stochastic volatility -1625.3
t-GARCH(1,1) -1625.5 -1624.7
EGARCH(1,1) -1637.5
GARCH(1,1) -1660.5
Normal iid -1848.5
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(Beyond paper)

Motivation — Relevant literature

Models:
Mixture models (e.g. Titterington et al., McLachlan & Peel)
Quantile regression (e.g. Koenker)
Neural network models
Machine learning (e.g. Jordan & coauthors)

Hierarchical mixtures of experts (e.g. Tanner)
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(Beyond paper)

Motivation — Relevant literature

Methods:
Bayesian
Non-Bayesian
Ad hoc
Asset return applications: Parsimoniously parameterized models
*ARCH

Stochastic volatility
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Secton 2.1

Model description — Common structure of the models

y+  Variable of interest

X;  Vector of covariates
nx1

u;, vy, 2z Created from x; by transformation;
kx1l px1 gx1

U1 = Vi1 = 2z¢1 always

st Latent state, s¢ € {1,...,m}

ye | (ug, v, s¢ = j) ~ N (5’1175 + vy, 0§>
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Secton 2.1

Model description — Simple normal mixture model

U , ’Ut:].
kx1

s¢ independent of xy
gt i.i.d., P(gt — ]) = pj

ve | (ut, 3t = §) ~ N (B'us + ajvg, 0?)

Equivalently, if s; = 5 then
ye=Bu+e, g0~ N (Oéja 0?)
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Secton 2.2

Model description — What is new

Begin with the same normal mixture model

~ : / / 2
yt | | we, ve, 8= NN(5Ht+ath,0j>
kx1 px1

Determination of latent states s¢:

N »
wi =Tz +¢i ¢~ N(0,L,)
mx1 gx1

gt:] iff ”LT)th’lTJtZ\V/’L:].,,m
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Secton 2.2

Model description — Special cases of the model

/ / 2 ~ ~ e~ ~ -
yr ~ N | B uy —|—Oéth,O'j , wy =1z +(;, s¢ = iff wtjzwtin
kx1 px1 mx1 gx1

When g = 1, then z; = 1 and probabilities of mixture components are fixed.
(A) If k>1and p=1:
Simple normal mixture model of disturbances in linear regression
(B) Ifk=1andp > 1:
Mixture of linear regressions with fixed component probabilities

(k =p > 1, v¢ = uy: Facilitates hierarchical prior)
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Secton 2.2

Model description — More special cases of the model

/ / 2 . - .
yr ~ N | B uy —I-Oéth,O'j . wy =1z +(;, s¢ =g iff wthwtin
kx1 px1 mx1 gx1

When g > 1, state probabilities are z;-dependent
(C)k=1and p=1:
Mixture of fixed normals with z4-dependent state probabilities
(D) k>1and p=1:
Mixture of regression disturbances, z+-dependent state probabilities
(E) k=1and p > 1.

Mixture of linear regressions with z;-dependent state probabilities
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Secton 2.3

Model description — Parameterization issues

yt~N<ﬁ’ut —|—a;'Vt,0'2'O'§>, Wi :FZt+Ct, st = g iff lf)thIT)ti\V/i

kx1 px1 mx1 gx1
Cy N (0,1,,,) = translation but not scaling issues in wy = I'zy + (..
Impose ¢,.,T' = 0 through
r =P 35 ~where P :[Lm'm_l/z P> ],P’P:Im.
mxgq (m=1)xq mxm mx(m—1)
o = (a’l,...,aﬁn) o' = (a%,...,a%)
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Secton 2.3

Model description — Covariates

Substantively distinct covariates: x1¢, Tog

x1¢ = Return on asset in period t — 1, xo; = y4_1

o0
xor = g w241+ (1 —9g)la—1|"= D 9°lyr—2—s|"
s=0

Covariates of the form:
b1 /Y
Utj :xﬁxﬁ, /1 € {0,...,L1}, ly € {0,...,L2}
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Secton 2.3

Model description — Conditionally conjugate prior distributions

/ / 2 2 ~ ~ . ~ ~ -
yr ~ N [ 3 uy —|—O{th,0' rOg . Wy :FZt+Ct, st = g iff ’wth’wti\V/Z
kx1 px1 mx1 gx1

Distribution type Parameters Hyperparameters

Gaussian: 3,I'* L, 1%, 1%
Gaussian conditional on 0%:  « T2
Inverse gamma: 02,0' s2 v, U
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Secton 2.3

Model description — Detail of prior distributions for 3, o, I'*

T1t € [fﬁcfaxlﬂ , Tt € [mgaﬂ?g}

Choose N7, N, define A1 = (azl{ — xi‘) /N1, Ay = (azg — azg) /N5 and then
G = {(af;li,m%) 21, = 21, 2] + A, .. x5 + (N7 — 1) Al,azli;

To; = wg,x%—l—AQ,...,azgz -+ (N2 — 1) AQ,:US}

Let c;; be the vector corresponding to (3312-, x2j>. Then

2d . )
Blei; N[5 (Na+1) (Ny+1)] (i=0,...,N1;5=0,...,Np).
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Secton 2.4

Methods of inference — Blocking for Gibbs sampling

/ / 2 2 ~ ~ o ~ ~ -
yr ~ N [ 3 uy —I—Ozth,O' roi ], Wi =Tz +(;, s¢ =7 iff wthwtin
kx1 px1 mx1 qgx1

g%, 07y - ,aqzn Separately conditionally independent inverse gamma
B and a  Jointly conditionally Gaussian
vec (I'*)  Conditionally Gaussian

w;  Gaussian times orthant-specific likelihood factors
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Secton 2.4

Methods of inference — Functions of interest

CDFs: P(yt < c | x1t,wot) = P(yr < c| ug, vy, z¢)

Quantiles: c(q) = {c: P(yt < c| x1s, 22:) = P (y: < c | ug, v, 2¢) = q}

P(§t=j|FaZt):P[’@th@tz‘ (izla---am)‘razt}
©.@)
:/_Oop(ﬁt]:y|ryzt)P[’&7tz§y (izla"'am)lrazt]dy

— /OO 0 <y — 7;zt) I[ ¢ (y — ’Y;‘Zt) dy.
—° 7]

The posterior distribution is a mixture of normals with M - m components.
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Section 4

An application to asset returns — Data

Variable of interest:

y+ = 100 log (pt/pt—1): Daily S&P 500 returns, 1990 - 1999

The covariate vectors uy, v+ and z; are interactive polynomials in the variables
x1¢ = Returnin periodt —1, xoy = y4_1

®.@)
o = (1—9) > ¢°lyr—2—s|"
s=0
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Section 4

An application to asset returns — Model

0, @)
T1p = yp—1, Top =.05 ) .95%|y_o_
s=0

Wi = Y15 + Y221t + V3%t
2 2 .
+74%4;27 + V5T1:T2t + V6T + (i (1= 1,2,3)

P (5t =j | o1, m20) = P Wy > Wy (i =1,2,3) | X4, 224

vt | (8t = jrwap, @) ~ N (pj,0% - 0%) (5 =1,2,3)
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Section 4

An application to asset returns — Priors

Gaussian priors

0: ,u:0,7'2—1
0% ,u:O,7'2—9
' p=012=16

Grid G: -10to 10 for x14 = y¢—1; 0to 10 forxoy = (1 — 9) 2225 9% |yr—2—s|"

Inverse gamma priors:

2/0° ~ x°(2)
2/05 ~ x°(2)
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Section 4

An application to asset returns — Data and a few technical details

All results for S&P 500 daily returns, Jan. 2, 1990 - Dec. 31, 1999

1. 12,000 MCMC iterations

2. Every 100'th iteration recorded

3. Of the 120 iterations recorded

(a) First 20 discarded

(b) Remaining 100 used for analysis
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Section 4

Sarnple distribution of covariates
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Section 4

(a) Mean of return distribution (b) Standard deviation of retumn distribution
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(a) Mean of return distribution

b = Geometric declining average of |Return]
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{c) Skewness of return distribution
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Section 4

Posterior standard deviations of four population conditional moments
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b = Geornetric declining average of [Return|

b = Geormnetric declining average of |[Return|
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{a) Posterior S&P return at guantile 0.50
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Section 4

{a) S&F retumn interquartile range
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(a1 Return at quantile 0.05, simulation 25
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b = Geometric declining average of [Return|

(b1 Return at quantile 0.05, simulation 50
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Section 4

Model evaluation — Analytical Model Comparison

P(Aly?) P(A) p(y°|A)
P(B|y°) P(B) p(y°|B)

T

T
p(y° | A) =TI p(y? | Y1, A) < logp(y°| A) = logp(y? | Yi_1,A)
t=1 t=1

p(¥? | Y71, 4) = /@AP (¥ 104, Y7 1,A)p (64| YP_1,A)dO4

&2

L (m)
MY p(vr 1657, Y7, 4)

m=1

Bayesian Econometric Methodology Workshop, Sveriges Riksbank 32



Section 4

Model evaluation — Log-predictive likelihood

log p (Y3, 41,--- Y7 | Y3, A) =

Sample (1,...,77): 1990-1994 Prediction (77 +1,...,7T): 1995-1999

T

t=1

log p (yf | Y?—lv A)

Model Log Predictive likelihood | Log Recursive ML
SMR -1602.0
Stochastic volatility -1625.3
t-GARCH(1,1) -1625.5 -1624.7
EGARCH(1,1) -1637.5
GARCH(1,1) -1660.5
Normal iid -1848.5
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Model evaluation — Log predictive Bayes factors

(Beyond paper)

T
logp(y%ﬁl,---Y%IY%l,A): > logp(y?IY?—pA)

t=T7+1

p(Yhir - ¥P Y5, A) T p(yP Y7, A

log = ) log

p (Y941 ¥5 1 YS,B) i1 p(y2 Yoy,
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Log predictive Bayes factor in favor of SMR, 1/3/95 through indicated date

(Beyond paper)

0 I I I I I
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Analysis of predictive Bayes factors, GARCH(1,1) over iid normal

(Beyond paper)

30 T T

28—

Log Predictive Bayes factor

5 | | |
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Return in prediction period
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(Beyond paper)

Analysis of predictive Bayes factors, stochastic volatility over t--GARCH
12 | | |

Log Predictive Bayes factor
T
|

8 | | | | \
-8 -B -4 2 u] 2 4 b

Return in prediction period
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Analysis of predictive Bayes factors, SMR over t-GARCH

(Beyond paper)

12 T

Log Predictive Bayes factor
T

-2 u]
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Log Predictive Bayes factor

12

10

Analysis of predictive Bayes factors, SMR over stochastic volatility

(Beyond paper)

Return

2 0
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Over stochastic volatility

Joint distribution of predictive Bayes factors in favor of SMR

(Beyond paper)
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(Beyond paper)

Model evaluation — Posterior Predictive Analysis

Simulation exercise:
687 ~ p(6.4]y° A)
y(m ~ p(y|954m),14>
p(m) _— h(y(m))
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Function of interest (for a 10-year sample)
1-day |return| GPH d estimate

1-day return sample variance of return

1-day return sample skewness coefficient

1-day return sample excess kurtosis coefficient
10-day return sample variance of return

10-day return sample skewness coefficient
10-day return sample excess kurtosis coefficient
1-day |return| sample variance of return

1-day |return| sample skewness coefficient
1-day |return| sample excess kurtosis coefficient
1-day return .01 quantile

1-day return .05 quantile

1-day return .10 quantile

10-day return .01 quantile

10-day return .05 quantile

10-day return .10 quantile

Correlation 1-day return(t-1) and |return(t)|
Bayesian Econometric Methodology Workshop, Sveriges Riksbank

1990-1999

0.8609
0.7882
-0.3424
5.2630
6.7745
-0.2201
1.5528
0.3871
2.5343
13.2883
-2.3236
-1.3952
-0.9264
-6.1556
-3.8353
-2.5709
-0.1030

(Beyond paper)

Inverse cdf
0.646
0.594
0.849
0.241
0.772
0.564
0.341
0.532
0.282
0.247
0.482
0.429
0.346
0.255
0.315
0.261
0.585
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10-day return sample excess kurtosis coefficient

Posterior predictive distribution

(Beyond paper)

I R

Posterior predictive sample

B
1-day return sa

mple excess kurtosis coefficient

Bayesian Econometric Methodology Workshop, Sveriges Riksbank

— Data value
— Data value
™ s . . .
AL AN R - B B
S st L S .
H . w: AT] A L . . PO
3%'@. Ve * * .
. f-’!%-s tald st [ L l \ l l
2 8 10 12 14 16

43



Posterior predictive distribution

(Beyond paper)
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Correlation 1-day return(t-1) and |return(t)|
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Posterior predictive distribution

(Beyond paper)
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